In the present study non-linear free vibration analysis is performed on a tapered Axially Functionally Graded (AFG) beam resting on an elastic foundation with different boundary conditions. Firstly the static problem is carried out through an iterative scheme using a relaxation parameter and later on the subsequent dynamic problem is solved as a standard eigen value problem. Minimum potential energy principle is used for the formulation of the static problem whereas for the dynamic problem Hamilton's principle is utilized. The free vibrational frequencies are tabulated for different taper profile, taper parameter and foundation stiffness. The dynamic behaviour of the system is presented in the form of backbone curves in dimensionless frequency-amplitude plane.
Nomenclature
number of constituent functions for w and u respectively P magnitude of uniformly distributed load T kinetic energy of the system U strain energy stored in the system u displacement field in x-axis V potential energy of the external forces w displacement field in z-axis ω 1 first natural frequency ω nl nonlinear frequency parameters ϕ i set of orthogonal functions for w ψ i set of orthogonal functions for u ρ 0 density of the beam material at the root A 0 cross-sectional area of the beam at the root c i unknown coefficients for static analysis d i unknown coefficients for dynamic analysis E 0 elastic modulus of the beam material at the root I 0 moment of inertia of the beam at the root t 0 thickness of the beam at the root wmax maximum deflection of the beam
Introduction
Various important engineering structures can be practically modeled as beams on elastic foundation. The key issue for such type of problem is to analyze the interaction between the foundation and the structural element at the interface. In most cases, certain idealizations are incorporated replacing the foundation by simple models, such as incorporating a series spring elements. The stiffness of the linear springs describes the behavior of the elastic foun-dation. Hence, the idealized system is subjected to the assumption that at any point along the beam span, reaction forces exerted by the foundation are proportional to the transverse deflection of the beam at that point. It should also be mentioned that the main objective for such type of problem is to analyze the beam not the foundation. Large number of papers has been published in the corresponding field to underline the importance of such structures in modern engineering applications. Another structural element that finds wide spread usage in various advanced branches of civil, mechanical and construction industries is a non-uniform or tapered beam. Non-uniformity of the cross-section is a measure which enables them to cater suitable strength and mass distribution. A wide application of such type of beam can be seen in gas turbines, wind turbines, ship propellers, space and marine structures, robot arms, helicopter rotor blades etc. [1] . Multilayered composite materials are useful in aerospace, civil, mechanical engineering, automotive and nuclear due to their outstanding behavior such as high ratio of stiffness and strength to weight and low maintenance cost. But contemporary laminated composite materials exhibit a mismatch of mechanical properties at an interface due to bonding of two discrete materials. As a result stress concentration usually occurs at the interface [2] . This can lead to damage in the form of delamination, matrix cracking and adhesive bond separation. Functionally graded materials (FGMs) overcome these issues as the material properties are function of spatial position and a continuous variation from one surface to another can be achieved. These advanced class of materials are inhomogeneous composites obtained by continuous and functional combination of two or more constituent materials. In the modern context, FGMs find extensive application in engineering fields, where, unevenly distributed thermal, chemical or mechanical loads are present [3] . The variation of material properties in functionally graded (FG) beams may be oriented in transverse (thickness) direction or longitudinal/axial (length) direction or both. An exhaustive literature review of the relevant domain reveals that majority of the studies are concentrated on free vibration analysis of FG beams with material property variation along the depth of the beam.
The analysis of structures made of functionally graded material has been, throughout, of greatest interest to many researchers across the world due to its widespread applications in industry. These comprehensive studies have become much more feasible in the recent past due to intensified application of numerical methods as well as advent of computational machines. Analysis of functionally graded material provides many fronts in which research is carried out uni-directionally as well as taking the combinations of complicating effects.
Research work involving FGM beams involving depth/thickness-wise variation of material properties are abundant in literature. A brief overview of few of such researches is offered in the following paragraph. Kodali et al. [4] incorporated displacement field based on higher order shear deformation theory to study the static behavior of functionally graded metal-ceramic (FGM) beams under ambient temperature. The material properties of the functionally graded materials (FGMs) were assumed to be graded according to power law in the thickness direction. Yaghoobi and Fereidoon [5] carried out the bending analysis of simply supported FG beam. Pradhan and Chakraverty [6] investigated the free vibration behavior of functionally graded material (FGM) beams subjected to different sets of boundary conditions. The analysis was based on the classical and first order shear deformation beam theories and the material properties were assumed to be graded according to power law in the thickness direction. Hemmatnezhad et al. [7] investigated the largeamplitude free vibration analysis of functionally graded beams by means of a finite element formulation. Chen et al. [8] presented the elastic buckling and static bending analysis of shear deformable functionally graded (FG) porous beams based on the Timoshenko beam theory. Ebrahimi and Zia [9] investigated the large-amplitude nonlinear vibration characteristics of functionally graded (FG) Timoshenko beams made of porous material. Ebrahimi and Salari [10] investigated the thermal effect on buckling and free vibration characteristics of functionally graded (FG) size-dependent Timoshenko nano-beams subjected to an in-plane thermal loading by presenting a Navier type solution. As already pointed out in a few individual cases, these literatures deal with material properties that were assumed to be graded according to power law in the thickness direction.
On the other hand, investigation of axially functionally graded (AFG) structural elements is a relatively newer domain of study that has gained prominence in the present decade. Huang and Luo [11] presented the simple approach to exactly calculate the critical buckling loads of beams with arbitrarily axial inhomogeneity. The effects of gradient parameters on the critical buckling loads were elucidated. Shahba et al. [12] studied the free vibration and stability analysis of axially functionally graded tapered Timoshenko beams through a finite element approach. The effects of taper ratio, elastic constraint, attached mass and the material non-homogeneity on the natural frequencies and critical buckling load were investigated [12] . Shahba and Rajasekaran [13] investigated the free vibration and stability of axially functionally graded tapered Euler-Bernoulli beams through solving the governing differential equations of motion. Kumar et al. [14] and Sarkar and Ganguli [15] carried out free vibration analysis on axially functionally graded (AFG) tapered slender beams under different boundary conditions. Zeighampour and Beni [16] studied the vibration of axially functionally graded material (AFGM) nano-beam by using strain gradient theory. Nguyen et al. [17] investigated the large displacement response of tapered cantilever beams made of axially functionally graded material by the finite element method.
Boundary conditions of a real physical system are seldom classical, hence multitude of research work strives to simulate elastically restrained ends or beam resting on elastic foundations. Simsek and Cansız [18] studied the dynamic responses of an elastically connected doublefunctionally graded beam system (DFGBS) carrying a moving harmonic load at a constant speed by using EulerBernoulli beam theory. The equations of motion were derived with the aid of Lagrange's equations. Yas and Heshmati [19] dealt with free vibrations and buckling analysis of nano-composite Timoshenko beams reinforced by single-walled carbon nanotubes (SWCNTs) resting on an elastic foundation. Simsek and Reddy [20] , based on the modified couple stress theory (MCST), proposed a unified higher order beam theory which contains various beam theories as special cases for buckling of a functionally graded (FG) micro-beam embedded in elastic Pasternak medium. Murin et al. [21] presented a differential equation of the homogenized functionally graded material (FGM) beam deflection. The solution is used in free vibration analysis of the beams with polynomial continuous longitudinal and transversal variation of material properties. The FGM beams are considered to be resting on longitudinal variable (Winkler) elastic foundation. Kanani et al. [22] investigated the large amplitude free and forced vibration of FG beam resting on nonlinear elastic foundation containing shearing layer and cubic nonlinearity. Akgöz and Civalek investigated the bending response of nonhomogenous micro-beams [23] , as well as single-walled carbon nanotubes (SWCNTs) [24] embedded in an elastic medium based on modified strain gradient elasticity theory in conjunctions with various beam theories. Niknam and Aghdam [25] made an attempt to obtain a closed form solution for both natural frequency and buckling load of nonlocal FG beams resting on nonlinear elastic foundation.
Literature review reveals that the field of free vibration study of depth-wise functionally graded beams is explored comprehensively, while study of axial functionally graded beams is the newer domain. It is also apparent from the review that papers on axially graded beams on elastic foundation, which deals with higher level of complexity, are quite rare. Hence, the present study is taken up with the objective of analyzing the large amplitude free vibration problem of axially functionally graded (AFG) non-uniform beams with different taper profiles, on elastic foundation. The behavior of the beam is investigated with variation of the elastic foundation characteristic, which is implemented by changing the stiffness of the series of springs supporting the beam. Variation of material properties (elastic modulus and density) along the length of the beam is considered according to different functions. Effect of variation of system geometry (taper parameter) on the dynamic behaviour is also studied. The large amplitude free vibration behavior is presented as backbone curves in non-dimensional amplitude-frequency plane, where, variation of natural frequency with the maximum amplitude of deflection yields the backbone curve of the system. 
Mathematical Formulation
)︀ is taken into account. Further, it is assumed that the cross-sectional dimensions are considerably smaller than the length of the beam and the effect of shear deformation and rotary inertia is neglected.
A displacement field based semi-analytical method that employs appropriate energy methods is used for deriving the governing equations of the system. It should be mentioned here that prediction of the large amplitude vibration frequencies or loaded natural frequencies is carried out by performing a static analysis under external transverse loading, followed by an Eigen value problem corresponding to the deformed system stiffness. The static analysis yields the initial deflection profile, which is used in the subsequent free vibration analysis. For both static and dynamic analysis, the formulation is carried out on the basis of variational form of energy principle. Geometric nonlinearity is incorporated into the system by consideration of non-linear strain-displacement relations. 
Static Analysis
The governing set of equations for the static analysis is derived through application of principle of minimum total potential energy, which states that, δ (π) = 0, where, π = U + V. In the case of large displacement analysis of beam both bending and stretching effects are considered. Therefore, total strain energy in the beam is given by, U = U b + Um + U f , where U b and Um are strain energy stored due to bending and strain energy stored due to stretching respectively, while,U f is strain energy stored in the foundation, i.e., total strain energy stored in the series of linear springs under transverse loading on the beam. The strain energies due to bending (U b ) and stretching (Um) of beam are dependent on the axial strain due to bending (︁ ε b x )︁ and stretching (ε s x ), respectively. The expressions of the strain energies, as well as the associated strain-displacement relations are given below. Quite clearly the strain-displacement relation for stretching (expression (1b)) is nonlinear in nature and hence, the governing equations derived subsequently would also contain nonlinear terms.
Substituting the relevant expressions, total strain energy of the system can be expressed as follows,
The total potential energy (V) due to externally applied transverse load P(x) is given by, Figure 1 shows the AFG beam subjected to an uniformly distributed load spanning the length of the beam. However, as indicated by eq. (3), total potential energy corresponding to other type of transverse loading pattern P(x), expressible mathematically by analytical or numerical functions, can be determined from the above expression. Hence, the present formulation is certainly not limited to only uniformly distributed loading.
Applying the principle of minimum total potential energy and using normalized coordinate
Performing the variational operation eqn. (4) reduces to the form as shown in eqn. (5),
The approximate displacement fields (w and u) of the above expression are assumed as linear combination of unknown coefficients (ci) and orthogonal admissible functions (ϕ and ψ). In the present method,
Here, ϕ i and ψ i are sets of nw and nu numbers of orthogonal functions for w and u, respectively. The functions ϕ i are associated with displacements due to bending, whereas ψ i describe stretching of the mid-plane of the beam. These displacement fields are assumed to be kinematically admissible, which implies that they are continuous and differentiable within the domain and also satisfy the boundary conditions of the beam. It is also important that these functions come from an orthogonal set in order to obtain satisfactory results. Appropriate start functions for these orthogonal sets are selected in such a way that they satisfy the flexural and membrane boundary conditions of the beam. The higher-order functions are generated from the selected start functions following GramSchmidt orthogonalization scheme. Substituting the approximate displacement fields into eqn. (5) provides the governing set of equations of the static problem in matrix form.
[Ks] [c] = {f }
where, [Ks] is the stiffness matrix corresponding to static analysis, {f } is the force vector for transverse static external load and {c} is a vector of unknown coefficients. The present formulation being displacement based, the two basic unknowns are the two displacement fields (w and u). But once the assumed approximate displacement fields are substituted, the problem is reduced to finding a set of unknown coefficients (ci). The form of stiffness matrix and load vector are given by,
The elements of the stiffness matrix and load vector are,
The present analysis is based on a methodology where the solution of the static displacement field of the AFG beam on elastic foundation under uniformly distributed transverse loading is obtained. The solution methodology of the static problem involves an iterative numerical scheme using successive relaxation due to presence of nonlinearity in the stiffness matrix.
Dynamic Analysis
Applying Hamilton's principle, which is represented as,
= 0, where T denotes the kinetic energy of the system, the governing equations of the dynamic system is derived. In the above expression U is the total strain energy stored in the system and has the same expression as presented in equation (2) of static analysis segment. Expression for the kinetic energy of the system is as follows. The spring being massless do not contribute towards total kinetic energy and hence are ignored in equation (8) .
Here, the overdots denote differentiation with respect to time (τ). Assuming approximate dynamic displacement fields w and u to be separable in time and space and the spatial part being represented by linear combination of unknown coefficients (di) and orthogonal admissible functions (φ and ψ), they can be written as,
where, ω is the natural frequency of the system and d i represents a new set of unknown coefficients that denote the eigenvector in the matrix form. The spatial functions are identical to those for the static analysis in equation (6) . Substitution of the kinetic (T) and strain energy (U) expressions along with the dynamic displacement fields gives the governing equation of the free vibration problem in the following matrix form.
Here, [M] is mass matrix, which has the following form and elements:
The elements of the mass matrix are:
Equation (10) is a standard eigenvalue problem, whose solution is obtained using Matlab subroutine 'eig'.
Results and Discussions
The main objective of the present study is to investigate the large amplitude dynamic behavior of axially functionally graded non uniform beams supported on elastic foundation and the variation of the loaded natural frequencies with the change in the taper profile, material model and stiffness of the foundation. In the present analysis, it is considered that the AFG taper beam on elastic foundation is subjected to uniformly distributed transverse load for different flexural boundary condition. The present paper also investigates the effect of different boundary conditions on the large amplitude free vibration behavior of the system. Four different boundary condition, namely, CC, CS, SS, CF, are considered arising out of combinations of Clamped (C), Simply supported (S) and Free (F) ends. The same formulation can be utilized to handle non-classical boundary conditions such as elastically restrained ends. The different boundary conditions are used for selecting the base functions for the transverse displacement (w) where as for the axial displacement (u) the membrane boundary conditions are used. The in-plane displacement at the boundaries are assumed as zero. These functions are tabulated in Table 1 . Gram-Schmidt orthogonalization scheme is used to generate the higher order functions and the number of functions is taken as 8 for each displacement. The number of Gauss points to be used for generation of results is taken as 24.
Three different taper patterns, linear, parabolic and exponential, are chosen for thickness and the variations of thickness are mentioned in the following expressions. Here, a beam with uniform width is considered for the analysis. However, the formulation and solution methodology is such that variation in width of the beam can be incorporated independently or in conjunction with variation in thickness.
Linear taper:
t (ξ ) = t 0 (1 − αξ ) 
Flexural Boundary Condition
ϕ 1 (ξ ) CC {ξ (1 − ξ )} 2 CF ξ 2 (︀ ξ 2 − 4ξ + 6 )︀ SS sin (πξ ) CS ξ 2 (︀ 2ξ 2 − 5ξ + 3 )︀ In-plane Boundary Condition ψ 1 (ξ ) Immovable ξ (1 − ξ )
Linear Taper
Exponential Taper Parabolic taper:
Here t 0 is the thickness of the beam at the root of the beam, i.e., at the left hand end of the beam as shown in Figure 1 and α is the taper parameter. Four different values of the taper parameter (α) are considered for each of the profile and these values are shown in Table 2 .
Three different material models are selected depending on the gradation of the elastic modulus and density in the axial direction. They are mentioned in the following expressions as a function of normalized axial co-ordinate (ξ ). It is apparent that the first model corresponds to a homogeneous material and it is included for comparison purpose. Tables 3, 4 and 5, respectively, corresponding to various possible combinations of taper parameter, spring stiffness and material models. In Table 3 results pertaining to α = 0, i.e., a uniform beam, has also been presented. However, in the subsequent tables (Table 4 and 5) results for α = 0 condition has been omitted to avoid repetition. It should be mentioned here that the mathematical expressions for the different taper profiles are such that in each case α = 0 corresponds to a uniform beam and hence, same natural frequency values are obtained in these cases.
It is observed from Tables 3, 4 and 5 that with the increase of stiffness of the foundation the natural frequencies in all cases increase. This is due to the reason that the stiffness of the beam is increased due to introduction of the foundation whereas the mass remain same. It is also observed that for all the cases with increase in taper parameter the natural frequency decreases. Reduction in crosssectional area and moment of inertia causes a softening effect, which is manifested in this decrement of frequencies. Comparing the values, it is observed that softening effect is severe in exponentially tapered beam and least in parabolic tapered beam.
Backbone curves of a vibratory system provide information about the measure of amplitude dependence of natural frequencies of the system. The dynamic behavior of the system is shown in Figures 3-11 as backbone curves for the first modes in non-dimensional frequency amplitude plane, where the ordinate is dimensionless amplitude (︀ wmax/t 0 )︀ and abscissa is normalized frequency (︀ ω nl /ω l )︀ . In the present study (︀ wmax/t 0 )︀ is taken as 2.0 for all cases. The fundamental frequency (ω l ) used to normalize the nonlinear frequencies are taken from Tables 3,  4 and 5. For all the cases, stiffness of the beam increases with increasing load due to geometric nonlinearity present in the system. This increased stiffness causes the increase in free vibration frequencies with increase in the deflection of the beam, as can be observed from any of the figures. So, hardening type nonlinear behaviour is exhibited by the system for all combinations of taper profile, stiffness values and boundary conditions. 
corresponding to α = 0 is not furnished. It should also be mentioned that the taper parameter values in Figures 9, 10 and 11 are α = 0.223144, 0.510826 and 0.916291 (as shown in Table 2 ). It is observed for the CC boundary condition with the increase of the taper parameter the slope of the backbone curve is increasing in nature. This effect is severe for exponential taper whereas for parabolic taper backbone curves are closely clustered. From the above discussion it can be concluded that nonlinearity involved in case of exponentially tapered is higher than the other two taper patterns.
For linear and parabolic taper profile the difference between the backbone curves is found to be small.
In order to study the effect of boundary conditions on the large amplitude behaviour of AFG beams on elastic foundation, backbone curves for first, second, third and fourth mode of parabolic taper AFG beam for CC, CF, CS, SS boundary condition are shown for two different material models in Figures 12 and 13 . In this particular case taper parameter (α) is considered to be fixed at 0.4 while, stiffness (K) is 10,000 N/m. It is evident from the figures that these backbone curves exhibit similar features as discussed in relation to the previous figures. 
Conclusion
In the present analysis, large amplitude free vibration behaviour of axially functionally graded thin taper beam with various taper profile and material gradation is investigated. The beam is further assumed to be on elastic foundation and subjected to uniformly distributed load. Different flexural boundary conditions are considered. However the present methodology can be applied for other type of classical and non-classical boundary as well. Energy principle is applied for the mathematical formulation and the problem can be solved in two part, static and dynamic respectively. For the static problem minimum total potential energy principle is utilized whereas for dynamic analysis the formulation is based on Hamilton's principle. The methodology is general in nature as it can be applied for other type of material gradation and taper pattern. The obtained results are validated from previously published results and were found to be in good agreement. Results pertaining to various taper parameter and spring stiffness for CC flexural boundary condition are furnished as backbone curve for the fundamental mode. Backbone curves of parabolic taper AFG beam for CC, CF, CS, SS boundary condition are supplied at given taper parameter and spring stiffness. For all combinations of the system parameters hardening type of nonlinearity is observed.
